Sources of intense, ultra-short electromagnetic pulses are enabling applications such as attosecond pulse generation, control of electron motion in solids and the observation of reaction dynamics at the electronic level. For such applications both high-intensity and carrier envelope phase (CEP) tunability is beneficial, yet hard to obtain with current methods. In this work we present a new scheme for generation of isolated CEP-tunable intense sub-cycle pulses with significant spectral power from mid-IR to extreme UV. It utilizes an intense driver laser pulse which drives a wake in a plasma, co-propagating with a long-wavelength seed pulse. The moving electron density peaks of the wake amplify the seed and form sub-cycle pulses. Controlling the CEP of the seed pulse or the driver-seed delay leads to CEP-tunability, while frequency tunability can be achieved by adjusting the laser and plasma parameters. Our 2D and 3D Particle-In-Cell simulations predict laser-to-sub-cycle-pulse conversion efficiencies up to 1% suggesting the possibility to create tens of mJ strong sub-cycle pulses.
Sources of intense, ultra-short electromagnetic pulses are enabling applications such as attosecond pulse generation, control of electron motion in solids and the observation of reaction dynamics at the electronic level. For such applications both high-intensity and carrier envelope phase (CEP) tunability is beneficial, yet hard to obtain with current methods. In this work we present a new scheme for generation of isolated CEP-tunable intense sub-cycle pulses with significant spectral power from mid-IR to extreme UV. It utilizes an intense driver laser pulse which drives a wake in a plasma, co-propagating with a long-wavelength seed pulse. The moving electron density peaks of the wake amplify the seed and form sub-cycle pulses. Controlling the CEP of the seed pulse or the driver-seed delay leads to CEP-tunability, while frequency tunability can be achieved by adjusting the laser and plasma parameters. Our 2D and 3D Particle-In-Cell simulations predict laser-to-sub-cycle-pulse conversion efficiencies up to 1% suggesting the possibility to create tens of mJ strong sub-cycle pulses.
Electromagnetic pulses containing one single oscillation of the electromagnetic field are unique tools for the investigation and exploitation of non-adiabatic phenomena. One of the most prominent examples is the generation of attosecond pulses in which every electromagnetic cycle of the driver pulse produces one attosecond pulse [1, 2] . Thus, in order to produce an isolated attosecond pulse sub-cycle drivers are of interest. The efficiency of the process depends on the carrier envelope phase (CEP) of the driver pulse [3] . Moreover, an intense driver is particularly useful since it can produce even shorter (e.g. zeptosecond) pulses. Isolated subcycle pulses with both CEP-tunability and high energy are very attractive not only for attosecond pulse generation, but also many other applications in solid-state physics [4, 5] and nano-engineering [6] . Therefore, developing methods to obtain isolated CEP-tunable highenergy sub-cycle pulses is an active field of recent research. At present, sub-cycle energies obtained by para- * illia-thiele@web.de metric amplification methods are limited to the µJ level due to material damage thresholds [7] . Plasma based methods, which are scalable even to relativistic intensities, offer hope to resolve this issue. In the context of attosecond pulse generation in the XUV regime, several techniques have been developed in order to produce isolated pulses, for example polarization [8] [9] [10] or intensity gating [11] [12] [13] [14] and exploitation of wavefront rotation [15, 16] . More recently, plasma-based methods have been proposed to generate longer wavelength, e.g. mid-IR, single and sub-cycle pulses. We have shown that electron beams can be used to generate intense sub-cycle pulses by amplifying a seed pulse at a mirror foil [17] . Another technique based on laser frequency down-conversion which is known to appear in laser-driven wakefields has been proposed in [18] . However, all the above techniques are either not CEP-tunable or require a controllable CEP-stable high-intensity laser, which is technically challenging.
In this paper, we demonstrate that isolated CEPtunable intense sub-cycle pulses can be created during a frequency up-conversion process which we refer to as laser-wakefield driven amplification (LWDA). To this end, we propose to inject a CEP-stable long-wavelength seed pulse of relatively low intensity in co-propagation with a high-intensity not necessarily CEP-stable driver laser pulse into a gas jet. The driver pulse ionizes the gas already at its rising edge and creates a plasma. Due to the ponderomotive force, the high-intensity laser pulse (driver) pushes the plasma electrons forward leaving the heavy ions back. This creates a charge separation force which leads to plasma oscillations behind the laser pulse. These wakefield oscillations [19, 20] are strongly anharmonic for sufficiently intense drivers and form electron density spikes after each oscillation period. In the highly non-linear regime, the first electron density spike is most pronounced. In the scheme proposed here, this electron density spike moves close to the speed of light and amplifies the seed pulse leading to intense sub-cycle pulse generation (see Fig. 1 ) as will be detailed below.
This paper is organized as follows: First, we detail the origin of the amplification process and corroborate it by a 3D Particle-In-Cell (PIC) simulation. Second, we show how to tune the CEP of the generated sub-cycle pulses by means of computationally less demanding 2D simulations. Third, we focus on the scalability of the sub-cycle pulse strength with the seed pulse strength. Finally, we explain the dependency of the pulse strength on various parameters such as seed pulse duration, amplitude of the driving laser and the gas jet density. 
RESULTS
When a high-intensity laser pulse enters a gas-jet, it creates a wakefield which contains electron density spikes moving with almost the speed of light. Such a nonstationary electron density structure can amplify a copropagating electromagnetic field. The energy density gain U gain of this electromagnetic field at any given point in space is described by
where q e and m e are the electron charge and mass respectively, A z is the transverse vector potential given by E z = −∂ t A z , E z is the electric field of the seed, n e is the electron density and γ e the gamma-factor of the electron fluid which is assumed to be cold (see METHODS for details). If the seed pulse is sufficiently weak, then n e and γ e are determined by the driving pulse only and are independent of A z . According to Eq. (1), the rising edge of the n e /γ e profile leads to amplification and the descending edge to depletion. In a laser-driven wakefield, if A z oscillates fast compared to the moving electron density spike, then loss and gain almost compensate each other. By contrast, if A z changes slowly, a significant net energy gain is possible. This implies a requirement to our scheme: the wavelength of the seed pulse needs to be larger than the length of the amplifying electron density spike in the wakefield.
In the following, we demonstrate the sub-cycle pulse generation by means of a 3D PIC simulation (see Fig. 1 ). A y-polarized driving laser pulse and a z-polarized seed pulse are injected to propagate along the x direction and are defined by their transverse electric field components E y,L and E z,S , respectively, at the entrance of the gasjet (see METHODS for details). We consider a 10-fslong relativistically intense (E 0,L = 100 GV/cm), 800-nm driver pulse with a 2.5-µm focal spot and a moderately intense (E 0,S = 4 GV/cm) 4-µm seed pulse with a 5-µm focal spot, in the continuous wave (CW) approximation. To model a gas-jet of length L p , we assume a plasma with fixed ions and moving electrons with electron density n e .
As visualized by Fig. 1(a) , the first electron density spike of the wake behind the laser pulse amplifies the seed pulse and forms a sub-cycle pulse. The second and subsequent electron density spikes also create sub-cycle pulses [see Fig. 1(b) ]. However, these have an intensity more than one order of magnitude below the one of the leading pulse which is amplified by the dominant electron density spike. The maximum electric field of this pulse is increased by a factor of 16 compared to the initial electric field amplitude and reaches electric field strengths which are enough to accelerate the plasma electrons above 10% of the speed of light. Such a relativistic sub-cycle pulse deforms the electron density in the wakefield from its usual spherical symmetry and introduces an asymmetry which can be seen in Fig. 1(b) . By contrast, as we will demonstrate, weaker seed pulses lead to non-relativistic sub-cycle pulses which almost do not perturb the wakefield structure. The sub-cycle pulse exits the plasma and has an ultra-broad spectrum which is peaked around 260 THz, that is 3.5-times larger than the central frequency of the seed [see Fig. 1(c,d) ]. The frequency up-shift is primarily caused by the short length/duration of the amplifying electron density peak and should not be confused with the "photon acceleration" mechanism [21] [22] [23] [24] [25] which occurs when a many-cycle pulse is frequency up-shifted by a moving electron density up-ramp which changes slowly compared to the seed pulse duration. Here we considered a relatively short, 3-cycle driver pulse in order to spatially separate the latter from the density spike and to show that the amplification process is not due to a parametric process such as stimulated Raman scattering [26] . However, the process still works for longer driver pulses. Finally, note that LWDA is distinct from the formation of optical bullets
Results of 2D PIC simulations using a weak seed pulse with E0,S = 0.04 GV/cm: (a) electron density with contours at ne(x, y) = max ne/3 (dashed lines) and contours of the laser electric field Ey(x, y) = max Ey/4 (solid lines), (b) amplified seed electric field Ez with electron density contours, (c) on-axis electric fields of the amplified sub-cycle pulses after the interaction for different seed CEPs φS and their common envelope (gray line), (d) corresponding power spectrum and (e) spectral phase, (f) plasma-length Lp dependency of the sub-cycle pulse energy. The simulation parameters (other than E0,S) are the same as for Fig. 1 .
in laser-wakefield acceleration, which occur when a highfrequency probe (twice the driver frequency) is trapped inside the plasma density depression (bubble) created by the driver laser [27] .
In the following we continue with 2D PIC simulations to reduce computational costs and perform an extensive parametric study, in order to determine the regimes of optimal interaction. As a reference case we take the simulation of Fig. 2(a) , in which the parameters are the same as in Fig. 1 , except from the fact that we use a low amplitude seed. The electron density in Fig. 2(a) remains symmetric and the wake remains almost uperturbed by the seed pulse. The electric field in Fig. 2(b) reveals a maximum amplification by a factor of 25. As will be shown below, for low enough initial seed amplitudes this amplification factor remains constant. The sub-cycle pulse [see Fig. 2(c) ] has an ultra-broad spectrum which is peaked around 520 THz, that is 7-times larger than the central frequency of the seed [see Fig. 2(d) ].
According to Fig. 2(f) which shows the sub-cycle pulse energy E out versus the gas-jet length L p , the amplification takes place during the first 30 µm of propagation distance until the energy gain and loss by the electron density up-and down-ramp respectively compensate for each other. Thus in the following, we can focus on simulations of relatively short gas-gets. The very weak decrease of the energy for L p > 30 µm in Fig. 2(f) is due to the continuous loss of radiation through the transverse boundaries of the computational box.
In order to tune the CEP of the sub-cycle pulse, it is sufficient to change the CEP of the many-cycle seed pulse or to delay it with respect to the laser pulse. Figure 2(c) presents the on-axis electric field shapes after the interaction using four different seed pulse CEPs shifted by a value of π/4. It can be seen that the sub-cycle pulse envelopes remain the same. Also the power spectra of the pulses are in all four cases equal [see Fig. 2(d) ]. However, the phases of the sub-cycle pulses are shifted by a value of π/4, exactly the same as for the seeds. This is shown in the frequency domain by presenting the spectral phases in Fig. 2(e) . Besides the variation of the seed CEP, a delay of the seed pulse with respect to the driving laser pulse can be used to tune the seed pulse CEP. This is possible for sufficiently long seed pulses, where the variation of the CEP and the delaying lead to almost the same seed-pulse up to a small difference which decreases with 1/(ω S t 0,S ).
For not too strong seed electric fields the 1D model which is presented in METHODS suggests a linear scaling of the sub-cycle electric field amplitude with the seed electric field amplitude. Our 2D PIC simulation results which are presented in Fig. 3(a) confirm this prediction up to weakly relativistic seed pulse amplitudes. To judge how relativistic the seed and sub-cycle pulses are, this figure contains, besides the maximum electric field strengths in SI units, the field strength scaled with the relativistic electric fields E λ r = 2πc 2 m e /(q e λ) which characterize for a given wavelength λ the field strength at which a free electron would be accelerated to almost the speed of light. For this normalization, we chose the central wavelengths of the seed and sub-cycle pulses correspondingly. Figure 3 (a) reveals that using weakly relativistic seed pulses (a 1 is caused by the distortion of the wake by the generated intense sub-cycle pulse. In this case, the wake electrons loose a substantial fraction of their energy to the seed pulse and n e /γ e in Eq. (1) cannot be considered as independent from the sub-cycle electric field E z anymore. Figure 3(b) presents the laser-to-sub-cycle-pulse conversion efficiency η reaching about 1% which suggests the generation of mJ-strong sub-cycle pulses when using a Joule-class laser driver. Figure 4(a) , demonstrates the sub-cycle field strength scaling versus the seed pulse duration. The amplified field strength reaches saturation for seed pulse duration longer than the plasma wake oscillation, since amplification to the highest amplitude takes place at the dominant density spike of the wake. On the other hand, for a single-cycle seed the amplified field strength decreases by a factor of two compared to the reference case. This implies that a few-cycle, long-wavelength pulse, easily attainable by splitting and frequency down-converting the driver laser, can act as an efficient seed pulse for our scheme.
The scaling with the driving laser electric field amplitude is presented in Fig. 4(b) . When the laser field strength is increased up to a L = 3.5, the amplifying peak electron density of the plasma wake increases. Consequently, the generated sub-cycle pulses become more and more strong. At a L = 3.5, wave-breaking [20] occurs in the plasma and the electron density spikes become unstable which reduces their amplitude and thus the sub-cycle pulse electric field strength. This shows that the scheme operates optimally in the nonlinear wake regime but care should be taken that wave-breaking is not reached.
In Fig. 4(c) , we characterize the scaling with the initial electron density. The dashed line specifies the critical density n c,S = 0 m e ω 2 S /q 2 e at which the plasma becomes opaque for the seed pulse. Two counter-acting effects lead to an optimal value of initial electron density smaller than n c,S : An increase of the electron density leads according to Eq. (1) to stronger amplification, however, it also leads to reduced penetration of the seed pulse into the plasma.
When considering the previous dependencies, we did not discuss the change of the sub-cycle pulse shapes and spectra. As will be shown in the following, those are tunable with the driving-laser field strength a L and electron density n e . The larger a L and n e , the more narrow are the amplifying electron density spikes which naturally leads to shorter sub-cycle pulses and thus to higher frequency components in their spectra. Both, the central wavelength and the frequency extent, can be tuned as shown in Fig. 5 . Reducing the electron density to about half of the critical density for the seed pulse n c,S , allows to produce sub-cycle pulses with central frequencies just above the seed frequency in the Mid-IR spectral range [see Fig. 5(b) ]. On the other hand, an increase of the electron density beyond the optimum density in Fig. 4(b) (dashed line), does not lead to a significant spectral change (not shown). By using more intense driving laser pulses, we can introduce higher spectral components in the spectrum. However due to the breaking of the amplifying electron density peak above a L = 3.5, also this tuning is limited. Nevertheless, the sub-cycle pulse spectrum can extend up to 2.5 PHz which corresponds to extreme UV wavelengths of 120 nm [see Fig. 5(d) ].
Finally, it is possible to post-compress the generated sub-cycle pulses. The pulses which are produced by LWDA, for example the one in Fig. 6(a) (gray lines) , have an asymmetric envelope. This asymmetry is intimately linked to the non-vanishing curvature of the spectral phase which can be characterized by the second derivative of the spectral phase ϕ 2 [see post-propagation of the sub-cycle pulse through a lowdensity plasma the chirp can be almost removed and the sub-cycle pulse becomes symmetric, shorter and about 2.5 times more intense [see Fig. 6 (a), dark red lines].
DISCUSSION
In summary, we have proposed a scheme for generation of isolated CEP-tunable intense sub-cycle pulses by laser wakefield driven amplification of a seed electromagnetic pulse. The CEP of the seed pulse can be used to tune the CEP of the sub-cycle pulses. We have demonstrated a linear scaling of the sub-cycle pulse energy with the seed pulse energy up to relativistic intensities. Our ParticleIn-Cell simulations reveal conversion efficiencies up to 1% suggesting the scalability of sub-cycle pulse energies up to 10 mJ for Joule-class driving laser pulses. The sub-cycle pulse duration can be tuned by varying the driver intensity and the background plasma density, while its central frequency is adjustable from mid IR to UV. Moreover, we have shown that these sub-cycle pulses become nearly bandwidth-limited after a post-propagation through a low-density plasma.
METHODS

Theoretical model
In the plane wave framework, the conservation of the transverse canonical momentum establishes a simple relation between the transverse electron fluid momentum p z which is linked to the transverse current J z = (q e /m e )p z n e /γ e and the transverse vector potential A z defined by E z = −∂ t A z :
On the one hand, this expression can be used with Maxwell's equations to derive the evolution equation for the vector potential [17, 28] 
e n e (x, t) m e 0 γ e (x, t) A z (x, t) = 0 .
If the z-polarized seed pulse is weak compared to the ypolarized driver pulse, the electron density n e and the electron gamma-factor γ e can be considered to be independent of the seed pulse which is described by A z . Then, Eq. (3) is linear in A z and thus we can expect a linear scaling of the sub-cycle electric field with the seed pulse electric field. On the other hand, the conservation of the transverse canonical momentum can be used to derive Eq. (1) describing the energy density gain of the seed pulse co-propagating with the non-stationary electron density structure [17] .
Particle-In-Cell simulation set-up All the 2D and 3D Particle-In-Cell (PIC) simulations were performed with the high-performance open-source code SMILEI [29] . For the electromagnetic fields, we have employed the Yee scheme in Cartesian coordinates and the Silver-Müller boundary conditions. The longitudinal mesh-size δ x = 16 nm, the transverse mesh size δ y = 32 nm and a temporal step δ t = 47 as were used in 2D. Here, we assumed translational invariance along the z direction. In 3D, the longitudinal mesh-size δ x = 16 nm, the transverse mesh sizes δ y = 32 nm and δ z = 32 nm as well as a temporal step δ t = 42 as were used. For the electrons, we have employed the relativistic Boris pusher, while the ions were assumed to be fixed. The initial plasma profile in most simulations was assumed as a flat-top of density n e , while we have checked that the results were not significantly affected by the presence of density ramps or the use of Gaussian density profiles. In 2D, we have initialized 100 macro-particles per cell. In 3D, the number of macro-particles per cell was reduced to 10.
Definition of the injected laser and seed pulse
A y-polarized driving laser pulse and a z-polarized seed pulse are injected to propagate along the x direction and are defined by their transverse electric field components E y,L and E z,S , respectively, at the entrance of the gas-jet according to 
The algorithm which is presented in [30, 31] is used in order to obtain the laser electric fields according to Eq. (4) at the entrance of the gas jet in the PIC simulations.
